Background and motivations {#Sec1}
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In \[[@CR14], Theorem 1\] and \[[@CR23], p. 80, Eq. (7.5)\], it was obtained that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{q=0}^{n}\left( {\begin{array}{c}n\\ q\end{array}}\right) \frac{(-1)^q}{q+k}=\frac{1}{k \left( {\begin{array}{c}k+n\\ k\end{array}}\right) } \end{aligned}$$\end{document}$$for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\ge 1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n\ge 0$$\end{document}$. The binomial inversion formula in \[[@CR4], p. 192, (5.48)\] reads that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} g(n)=\sum _{\ell =0}^n\left( {\begin{array}{c}n\\ \ell \end{array}}\right) (-1)^\ell f(\ell ) \Longleftrightarrow f(n)=\sum _{\ell =0}^n\left( {\begin{array}{c}n\\ \ell \end{array}}\right) (-1)^\ell g(\ell ). \end{aligned}$$\end{document}$$Applying ([1.2](#Equ2){ref-type=""}) into ([1.1](#Equ1){ref-type=""}) yields$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{q=0}^n \left( {\begin{array}{c}n\\ q\end{array}}\right) \frac{(-1)^q}{\left( {\begin{array}{c}q+k\\ k\end{array}}\right) }=\frac{k}{k+n} \end{aligned}$$\end{document}$$for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k,n\ge 0$$\end{document}$. This can be rewritten as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{q=0}^n \left( {\begin{array}{c}n\\ q\end{array}}\right) [(-1)^qB(k,q+1)]=\frac{1}{k+n} \end{aligned}$$\end{document}$$for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\ge 1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n\ge 0$$\end{document}$, where$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} B(z,w)=\int _{0}^{1}t^{z-1}(1-t)^{w-1}d t, \quad \mathfrak {R}(z),\mathfrak {R}(w)>0 \end{aligned}$$\end{document}$$denotes the classical Euler beta function. The beta function *B*(*z*, *w*) and the classical Euler gamma function$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Gamma (z)=\int _0^{\infty }t^{z-1}e^{-t}d t, \quad \mathfrak {R}(z)>0 \end{aligned}$$\end{document}$$have the relation$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} B(z,w)=\frac{\Gamma (z)\Gamma (w)}{\Gamma (z+w)}, \quad \mathfrak {R}(x),\mathfrak {R}(y)>0. \end{aligned}$$\end{document}$$The logarithmic derivative $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\ln \Gamma (z)]'=\frac{\Gamma '(z)}{\Gamma (z)}$$\end{document}$ is denoted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi (z)$$\end{document}$ and the derivatives $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi ^{(k)}(z)$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\ge 0$$\end{document}$ are called polygamma functions. For very recent results on the beta, gamma, and polygamma functions, please refer to the papers \[[@CR22], [@CR25]--[@CR29]\] and closely related references therein.
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Computing sums in terms of beta and polygamma functions {#Sec2}
=======================================================

In this section, via replacing corresponding integers *k* by a complex variable $\documentclass[12pt]{minimal}
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Theorem 2.1 {#FPar1}
-----------
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Proof {#FPar2}
-----
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The identity ([2.2](#Equ6){ref-type=""}) follows from applying the binomial inversion formula ([1.2](#Equ2){ref-type=""}) to ([2.1](#Equ5){ref-type=""}). The proof of Theorem [2.1](#FPar1){ref-type="sec"} is complete. $\documentclass[12pt]{minimal}
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Remark 2.2 {#FPar3}
----------

The identity ([2.1](#Equ5){ref-type=""}) recovers \[[@CR23], p. 82, Eq. (7.7)\].

Theorem 2.3 {#FPar4}
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Proof {#FPar5}
-----

These identities follow from differentiating with respect to *z* on both sides of ([2.1](#Equ5){ref-type=""}) and ([2.2](#Equ6){ref-type=""}) and employing partial derivatives$$\documentclass[12pt]{minimal}
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Theorem 2.4 {#FPar6}
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Computing a sum in terms of the Gauss hypergeometric function and a determinant {#Sec3}
===============================================================================

The Gauss hypergeometric function $\documentclass[12pt]{minimal}
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In the above sections, we mainly consider summability of$$\documentclass[12pt]{minimal}
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Theorem 3.1 {#FPar8}
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